The implementation of minimum length in quantum mechanics (QM) can be done either by modification of position and momentum operators or by restriction of their domains. In the former case the resulting classical dynamics is drastically different from the usual one. Starting with the latter possibility, we propose a non-local modification of QM. It has close ties to the band-limited QM, but in contrast to it one can easily work out the corrections to various processes and discuss further the semi-classical limit of the theory. Surprisingly enough, the classical limit proves again to be unacceptably altered. In the last section a further modification is suggested to alleviate this problem.
I. REVIEW OF THE PROBLEM
At extremely small distances comparable to the Planck length, l P = ( G N /c
3 ) 1/2 ≈ 10 −33 cm, one must drop the standard picture of space-time as a continuum endowed with a certain intrinsic geometric structure. As it was observed long ago by Wheeler, the scale dependence of the gravitational action implies large fluctuations of the metric and even of the topology on Planck length scale [1] [2] [3] . One is thus led to a picture of foamy space-time implying that space-time is basically flat on large length scales but is highly curved with all possible topologies on the Planck length scale. For instance, the foamy spacetime can be described in terms of a gas consisting of virtual (Planck size) black holes -continually appearing and disappearing [4] . Apart from this approach, at the fundamental level the space-time can be modeled in a number of ways. For instance, one can represent spacetime coordinates by the non-commuting operators [5] , or one can assume some sort of discrete structure from the very outset [6, 7] . One more suggestion, in analogy to the bend-limited signals in information theory, is to use momentum cut-off representation for the fields [8] . Such fields can be recovered by their values at the points separated by the distance of the order of inverse cut-off. This statement is basically a well known sampling theorem in information theory, which tells one how to digitize an analog signal in a precise way. One has to behold the following difference as compared to the standard lattice approach. The lattice points are not defined in advance but can be chosen arbitrarily. What is defined from the beginning is the lattice spacing. It should be noted that this approach also suggests one of the straightforward ways for implementing minimum length in quantum mechanics (QM). Let us notice that the implementation of minimum length into QM by appropriately restricting the Hilbert space of wave-functions is somewhat advantageous over the minimum-length deformation of Weyl-Heisenberg algebra as in the latter case one faces unacceptably large effects in a classical limit [9, 10] . But the trouble is that it is highly non-trivial to estimate corrections in the framework of this approach or to carry out a classical limit of the theory -see [11, 12] for this sort of QM. (This sort of QM is dubbed as band-limited). In view of this fact, we shall outline a possible non-local generalization of quantum mechanics, which has the following logical connections to the band-limited QM and to the micro structure of the background space. First we observe that the UV cutoff of the wave-function can be understood as a spatial averaging
where the characteristic size of the test function f (ξ) is assumed to be of the order of l P . Namely, using for the sake of simplicity a Gaussian test function
the Fourier transform of (1) will take the form
clearly indicating the (exponential) suppression of the Fourier modes: k 2 l 2 P ≫ 1. Next we observe that the averaging of the wave-function can naturally be understood as a coarse graining due to grainy structure of the space or as a result of background space fluctuations. For instance, one may bear the following simple picture in mind. Various Gedankenexperimente for measuring a background space show that its resolution is limited by the Planck length:
3 ) 1/2 ≈ 10 −33 cm [13] . This fact might be taken to suggest that background space undergoes fluctuations in the sense that a position of point can not be known precisely but rather with some probability. This feature of the background space can be described effectively by specifying a distribution function f (ξ), so that the integral f (ξ)d 3 ξ over some region, l 3 , in the vicinity of any point, can be interpreted as the probability that a position of this point is known with the precision l 3 . In other words, that is the probability that a given point lies (in the operational sense) within this volume. For we are dealing with isotropic and homogeneous background space, it is naturally assumed that f depends just on ξ and does not depend on r.
Physically, an introduction of the above distribution function implies that one can measure only averaged quantities over a space region. But the averaging must be done with same care. In particular, as the Schrödinger equation involves the product of a potential and a wave function at the same point, some care is needed to define the average value of this product "properly" in order to ensure the Hermiticity of Hamiltonian. We shall discuss these questions in what follows.
II. MODIFIED SCHRÖDINGER EQUATION
Let us start by considering an averaged wave-function (1). If Ψ(r) satisfies the Schrödinger equation, then the equation for Ψ takes the form
Replacing in the integrand Ψ with Ψ, one may naturally interpret this integral as an average value of V Ψ. If we define the scalar product in a standard way
then the Hamiltonian in Eq.(3) (in which Ψ is replaced by Ψ) is clearly non-Hermitian. One can, however, easily modify the Eq.(3) in such a way as to render the Hamilton operator Hermitian. For instance, one can put the modified equation in the form (from now on we omit the tilde)
In the limit l P → 0, f (|r − r ′ |) tends to δ(r − r ′ ) and one arrives at the standard Schrödinger equation. The last term in Eq. (4) is just a smeared out version of the product V (r)Ψ(r). Let us note that this sort of equations have been discussed extensively in the context of nuclear physics [14] .
One more relatively simple modification of the Schrödinger equation that follows from the above discussion might be
In fact, one could use the Eq. (5) for estimating gravitational corrections to the quantum mechanics, but as it is almost trivial generalization -we will mainly focus on Eq.(4).
III. CORRECTIONS TO QM
Let us list a few facts that immediately follow from the above discussion. First of all let us see how does a free particle wave-packet get modified
where ω(k) = k 2 /2m. Denoting byf (k) the Fourier transform of f (ξ), one sees that the above modification amounts to replacing g(k) by the product g(k)f (k) ≡ g(k). As the functionf (k) decays fast for k k P , so doesḡ(k). Thus, the result is that the wave-function can not be localized beneath the Planck length.
When the particle moves in a potential field, for V (r) and Ψ(r) vary negligibly over the Planck length, one can safely use the decompositions
and treat the equations (4, 5) perturbatively. For Eq.(4) one obtains
higher order terms .
It is plain to see that d 3 ξ f (ξ)ξ 2 is of the order of l 2 P . Correspondingly, the energy perturbations read
As usual, Ψ j functions are assumed to be normalized and orthogonal to one another. In the case of Eq.(5), the energy corrections take the form
One sees that, in general, the corrections to the Energieeigenwerte are real.
IV. SEMICLASSICAL LIMIT
In the case of Eq. (5), the discussion of the semiclassical limit is straightforward. From now on let us assume Gaussian fluctuations for the background space (2) 
where ∇ 1 acts on V and ∇ 2 on Ψ, respectively. Once again, one sees that if V and Ψ vary slowly over the distance l P , the corrections are strongly suppressed. The WKB approximation to the integro-differential equation (4) has been discussed in [15] . For our purposes it is expedient to write the Eq. (4) in the form [15] i
Derivation of the Heisenberg equations can be safely accomplished by allowing operators to act on a wavefunction, which is removed at the end of calculation. Doing it in the coordinate representation, one obtainṡ
Thus, the Heisenberg equations (6, 7) reaḋ
As to the equations of classical motion, they can be written immediately by using the modified Hamiltonian
which gives (these equations have already been discussed in [16, 17] 
The deviation from the standard dynamics disappears as long as the condition p 2 ≪ 2 /l 2 P is fulfilled. That means that one should require
where E stands for energy. When we are dealing with the classical motion, this requirement is often broken. For example the earth has average orbital speed ≈ 30 km/s and the mass ≈ 6 × 10 24 kg while /l P ≈ 6.5 kg·m /s. In this particular case the condition p 2 ≫ 2 /l 2 P is satisfied extremely well. In view of the modified dynamics, it implies that with a great accuracyṙ = p/m anḋ
Taking into account that the exponential factor is in this case of the order of exp −10 55 , the motion of earth around the sun should be drastically altered.
Corrections to the classical dynamics implied by the Eq. (5) is of course harmless. Namely, in this case the corrections arise due to modification of the potential
One could again consider an orbit of the earth and calculate in particular a perihelion shift but for the potential ∝ r −1 there are no corrections as ∆r −1 = 0 for r = 0. Moreover, one can claim that, in general, the modified theory given by Eq. (5) should not affect the classical regime. To see it, let us note that the Hamiltonian in this case can be written as
and, therefore, one arrives at the standard Hamiltonian in classical regime.
V. DISCUSSION
The general reasoning so far given can readily be compared with the momentum cut-off approach for implementing the concept of minimum length into QM [11, 12] . This approach implies to restrict the Hilbert space of state vectors to the cut-off functions
where k P stands for the Planck momentum: k P = c 3 / G N . The averaging in Eq.(1) does basically the same job. The approach based on Eq.(1) for deriving the modified Schrödinger equation may be somewhat advantageous in treating the product V (r)Ψ(r). An advantage of the approach based on Eq. (1) is that it guides logically in treating the product V (r)Ψ(r). Also it makes easy to work out the corrections to QM and address the question of a classical limit.
Apart from the trivial generalization given by Eq. (5), we see that the nonlocal theory leads to unacceptably large effects in the classical limit. Thus, we face the same impasse as in the case of deformed Weyl-Heisenberg algebra [9, 10] . In view of the above discussion, we are led to suspect that the classical limit of band-limited QM might also be incompatible with the usual classical mechanics, but precisely how can one work out the classical limit in this particular case is not clear.
One may attempt to restore the standard classical picture for non-local theory by incorporating both of the modifications considered above into the single equation
where the weights, 0 ≤ w j ≤ 1, obey the relation w 1 + w 2 = 1. That is, Ψ(r ′ ) and Ψ(r) do not necessarily enter this equation with equal weights. In view of our approach described in the beginning, it is natural to assume that the effect of background space fluctuations should depend on the breadth of a wave-function as it determines the length scale probed by the particle. Similar considerations for the harmonic oscillator can indeed be used for estimating the rate of effect [18] . Following this reasoning, by introducing
as a standard measure of the spread of the wave-function, one could set the weights as w 1 = l P /l to some power and w 2 = 1 − w 1 . Equally well, for setting the weights one could use some other scale instead of l P . If the breadth of the initial state is macroscopic, then w 1 ≪ 1, and one can safely omit the corresponding term that will lead to the good classical behavior.
Along the discussion put forward here, one may be inclined to look for other possible non-local modification with a consistent classical limit. In the appendix we provide some technicalities that may prove to be useful for this purposes. Besides, it illuminates further some technical points touched upon in our discussion.
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APPENDIX
The averaging given by Eq.(1) can be viewed as the blocking transformation [19] . For the particular case given by Eq.(2), one can express f as (see [22] )
and write the transformation (1) in the form Ψ =BΨ , whereB = e l 2 P ∇ 2 4
.
If Ψ obeys the Schrödinger equation
then the time development of Ψ is determined by the Hamiltonianˆ
The modified Schrödinger equation obtained this way is non-local and has the form
It is plain to see that the Hamiltonian (10) is nonHermitian. It occurs because the information concerning the high-frequency modes is lost, which is mathematically expressed by the fact that the blocking transformation is not unitary. If, retaining the scalar product in its standard form
we want to regain a well defined quantum-mechanical picture, we have to modify the Hamiltonian (10) in such a way that its hermiticity is restored. We shall not try to do this in general case, but instead consider a situation when average momentum is much smaller than the Planck momentum /l P . Under this assumption one can discard in (11) higher order terms involving powers of p 2 l 2 P -retaining only the first term. This way one arrives at a simplified version of modified Schrödinger equation which is again non-Hermitian and is a predecessor of Eq.(4).
It should be noted that the inversion of the blocking transformation (1), used in (11) , uses the solution of the Fredholm-type integral equation (1) by a Fourier transform method. For the Gaussian kernels this may imply ill-posed problems due to the presence of a fast growing Gaussian function in the deconvolution integral [23] . However, there exist alternative methods of deconvolution of Gaussian kernels, avoiding ill-posed problems [23, 24] . We will use one of such methods.
Let us first note that
and recalling (9) we get
δ(r − ξ) = δ(r − ξ) + e Derivatives of the Gaussian function (2) can be expressed through the multivariate Hermite polynomials introduced by Grad [25] . One can use the definition
i1i2...in (r; l P ) = (−l 2 P ) n f −1 (r)∇ i1 ∇ i2 · · · ∇ in f (r) , which generalizes the Rodrigues formula for the univariate Hermite polynomials [26] and simultaneously make multivariate Hermite polynomials dimensionless. Then is completely contracted version of the multivariate Hermite polynomials (a so called scalar irreducible Hermite polynomials [27] ).
Therefore, instead of (11), the generalized Schrödinger equation for Ψ can be casted in the form i ∂ t Ψ(r) = − 
Scalar irreducible Hermite polynomials can be expressed through Laguerre polynomials [27, 28] . However we neither pursue these matters further here, nor try to modify (13) in such a way as to make it Hermitian.
